NTU Examination of PhD Qualifacation (March 6&7, 2021)
Classical Mechanics

In the following, ¢,, ¢,, ¢, are the unit vectors along the z, y, z—axes, respectively.

1. A point object of mass m is originally rest on the top of a vertical motionless hoop of
radius R. The bottom of the hoop is fixed on the ground. At time ¢ = 0 the object
starts to fall along the hoop.

(a) Using the polar coordinate system (r, €) and introducing the Lagrange undeter-
mined multiplyer, set up the Lagrange equations. (4%)

(b) Find the height at which the object falls off the hoop. (7%)
(c) Identify the physical meaning of the undetermined multiplyer. (3%)

2. A particle of mass m and charge ¢ movevs with a velocity v = vé,, with v > 0.5¢.

(a) From the particle’s relativistic momentum, show that its free Lagrangian (that is, its
Lagrangian when moves without any potential) is Lfyey = —mec®(/1 — (£)2. (6%)

(b) Its Lagrangian becomes L = Lfree) — q¢ + q%f - ¥, with the scalar and the vector

potentials ¢ and A being functions of the position vector 7, as it faces an EM field.
Find its Hamiltonian. (6%)

3. Two point particles each of mass m; and another one of mass my, are constrained to lie
on a horizontal circle of radius r. They are mutually connected by springs, each of force
constant k, that follow the arc of the circle and they are of equal length when the system
is initially in equilibrium and at rest. At time ¢ = 0 a small disturbance is given to the
system so that the whole system is set to oscillate. Angles 6;, 6s,(for particles 1, 2 of
the same mass) and 63 (for the one of mass ms) describe their angle displacements from
equilibrium. The circle is not deformed and its shape remains unchanged during the
oscillation. Neither friction nor air resistant force appears.

(a) Write down the kinetic and the potential energies of the system and thus set up
the equations of motions. (5%)

(b) Find the normal mode frequecies and cooridinates. (8%)

(c) Draw figures showing how the system oscillates. (3%)

4. A certain rigid body may be replaced by the three point masses, each of mass my, at
(0,1,1), (1,1,0), and (1,0, 1), here coordinates in the unit of ro= constant, that is, ”1”
means "ry”, 72”7 means ”2ry”, and so on.

(a) Find the principal moments of inertia and principal axes. (8%)

(b) The system rotates with the angular velocity w = wy(é, +¢é,) in the original coordi-
nate system. In the new coordinate system formed by the principal axes, what is the
rotation inertia of moment, the angular momentum and the kinetic energy? (6%)

To be continued in next page



5. For the system of a certain planet and the Sun with a central force f = — kT [ being
a constant, there exists a conserved vector called Laplace-Runge-Lenz Vector deﬁned as
AR =pXx L— mkr with m belng the reduced mass of the system, 7 the position vector

of the planet to the Sun, and p), L the planet’s linear and angular momenta around the
Sun.

(a) Let 7,, 7, be a planet’s closest and furthest position vectors to the Sun, respectively.
Prove that A is parallel to either 7, or 7. (6%)

(b) From Ag, show that the planet’s orbit equation is in the form of + = %(1 +¢ecosb).
Your final results should have ry and € written in terms of the conserved quantities
L, Ag, and constants m, k. Plot a graph of the planet’s orbit showing the planet’s
position by (r,0) . (6%)

6. An object is moving in a two-dimensional space, with the Hamiltonian being H =
2 2
% + V(z) + 1ky?, where V(z) = Az, (A>0)asz > 0, and V(z) =ocoasz <0 .

(a) Write the Hamilton-Jacobi equations for the characteristic functions W, (z) and
W,(y), and also write down the expressions for solving them. (You do’t have to
solve them explicitly.) (5%)

(b) Express the total mechanic energy E in terms of action variables J,, J,. (5%)
(c) Find the motion frequencies in both directions. (5%)
7. According to the modified Hamilton’s principle, a canonical transformation between a

system’s coordinates ¢; — ();, momenta p; — P;, and Hamiltonians H — K satisfies that
Zpiq'i—H = Z:PZQZ K+ ‘fif, with F' being any function of coordinates, ¢;, ();, momenta

pz, P;, and tlme t. Among the several possible F’s, let us set F' = Fy(q;, P;, t) ZQZ %

here.

(a) Prove that p; = %Z?, Q; = 8F2 and K = H + %2 (4%)

(b) Prove that the transformatlon Qr = 2qx +3pr; Px = qi + 2py is canonical if (g, pr)
are canonical by any means. (4%)

(¢) Find the generator Fy(qy, Py) for the transformation in part (b). (5%)
(d) If K =0, prove that F; is the action of the system. (4%)



